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We find analytic solitary wave solutions for a modified KdV equation with ¢-dependent coeffi-
cients of the form u; — 6a(t)uug + B(t)Uzze — 6yuus = 0. We make use of both the application
of the truncated Painlevé expansion and symbolic computation to obtain an auto-Bécklund trans-
formation. We show that kink-type analytic solitary-wave solutions exist under some constraints

on «(t), B(t) and ~.
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Korteweg-de Vries (KdV) type equations have
been the most important non-linear evolution equa-
tions, with numerous applications in physical sciences
and engineering. However, the physical situations in
which the KdV equation arises tend to be highly ide-
alized, due to the assumption of constant coefficients,
e.g., in the propagation of small-amplitude surface
waves in fluids of constant depth. However, more re-
alistic physical nonlinear evolution equations contain
variable nonlinear or/and dispersive coefficients. An
interesting extension of the standard KdV equation
is the modified variable coefficients KdV (mvcKdV)
equation [1, 2], which models long wave propagation
in an inhomogeneous two-layer shallow liquid with
a variable nonlinear coefficient a(t) and dispersion
coefficient 3(t),

up — 6t ut, + Bt Uzre — 67u*u, =0, (1)

where u(x, t) is proportional to the elevation of the
interface between two layers, the evolution variable ¢
has the meaning of the propagation coordinate, z is
the coordinate in the reference frame moving with a
mean group velocity of the waves. The dependences
a(t) and [((t) imply that the ratio of the depths of the
two layers may depend upon the coordinate, [3]. The
mvcKdV equation can also describe the propagation

of nonlinear ion acoustic waves in a plasma contain-
ing inhomogeneous negative ions [4]; the coefficient
a(t) vanishes at a certain critical density of the neg-
ative ions. Malomed and Shrira [3] have found some
analytic solitary-wave solutions for the mvcKdV and
studied their behavior for the waves passing through
the critical point where either a(t) or 5(t) vanishes
or changes its sign. They showed that a primordial
soliton passing the critical point transforms into a
train of secondary solitons of the opposite polarity.
More recently, Talipova et al. [5] and Grimshaw et al.
[6, 7] numerically investigated the characteristics of
solitary wave transformation in a zone with the sign-
changing coefficient a(t) and confirmed the results
of [3]. However, exact analytic solitary-wave solu-
tions for the mvcKdV have not been found yet in the
previous works [3, 5, 6].

On the other hand, it was shown by Joshi [8] that the
mvcKdV equation with v = 0 possesses the Painlevé
property if and only if its respective coefficient func-
tions satisfy the constraint

t
B(t) = —6a(t) <—6a0/ a(s)ds+ b0> , @)

where ag and by are arbitrary constants. In deriving the
constraint, the author used a simple Ansatz function
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for ¢(z,t) = x+((t) near ¢(x, t) = 0, where ((%) is an
arbitrary function of ¢, due to the non-characteristic
(¢, # 0) nature of the manifold. This property guaran-
tees that the equation can be mapped to the usual KdV
equation which is known to be completely integrable.
More recently, by using the truncated Painlevé expan-
sion and symbolic computation methods in [9, 10],
Hong and Jung [11] have obtained an auto-Bécklund
transformation and analytic solitonic solutions of (1)
for the case of v = 0, using a more general Ansatz
for ¢(z, t) than that of [8]. In this paper we make use
of the methods in [11] to show the existence of an
auto-Bicklund transformation and analytic kink-type
solitary-wave solutions with some constraints on the
model parameters a(t), 3(t), and .

A non-linear partial differential equation (NPDE)
is said to possess the Painlevé property if the solutions
of the NPDE are “ single valued” about the movable,
singularity manifold which s “non-characteristic”. To
be more precise, if the singularity manifold is deter-
mined by

¢(zhz2v"'72n)=07 (3)

and u = u(zy, 22, ..., z,) is a solution of the NPD, then
it is required that

u=¢*y u;d, &
3=0

where Uo # Ov ¢ = ¢(Zl7 22y 0y zn)yuj i uj(zla 22,
..., 2n) are analytic function of (z;) in a neighborhood
of the manifold (4) and « is a negative, rational num-
ber. Substitution of (4) into the NPDE determines the
allowed values of a and defines the recursion relation
foruj, j =0,1,2,.... When the Ansatz (4) is correct,
the NPDE is said to possess the Painlevé property and
is conjectured to be integrable [12, 13, 14].

In order to find solitary-wave solutions of (1),
we truncate the Painlevé expansion at the constant-
level term in the senses of Hong and Jung [11] and
Hong [15],

N
w(z, ) =N (@, 0 u@ '@, 1). ()

=0

. On balancing the highest-order contributions from the
linear term (i. e.,u,,,) with the highest order contri-
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butions from the nonlinear terms (i. e., u%u, ), we get
N =1, so that

u(z, ) = &0 +¢1(2(j)’ D

We will stay with the general assumption that
¢. #0. When substituting the above expressions into
(1) with symbolic computation, we make the coeffi-
cients of like powers of ¢ to vanish, so as to get the
set of Painlevé-Bicklund (PB) equations

(6)

¢™* 1 67uo’z — 6 B(Duods” =0, 7

67 1 =6 7o uo . +127 uo w1 ¢ +6 Btz o,z (8)
+ 6 B(t)uo¢z poa + 6 atyuo ¢z = 0,

¢72 =6y up Uy . — 127 uouiug 2 +6 Y ur*uods (9)
— 3819z u0,22 —3 B)PzzU0,a— B(D)U0Praz
— 6 at)uouo, +6 a(t)uiuop, — uod: =0,

67! —12yuguuy o — 64 ur g - + B(E)U0 22z (10)
— 6 a(t)uour,e — 6 a(Puruoe +uo, =0,

#° : u, needs to satisfy the original equation, i. e.,

uy 1 —6 a(tyuiuy 2 +BEU zoz—67 U1 ur o = 0. (11)

The set of equations (6 - 11) constitutes an auto-
Bicklund transformation, if the set is consistent, i. €.,
if the set is solvable with respect to ¢, uo(z,t), and
uy(x,t) [9, 10]. Equation (7) brings out three solu-

tions:
ug(z, 1) = £y / @(ﬁz or up(z,t)=0. (12)

After substituting the non-trivial solutions into (8),
we obtain

1 /B 1 a(t
’U.](.’Ii,t) = :F§ ?qﬁzqu;] - 5#

Thus, we are able to find a family of exact analytic

(13)
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solutions to (1) as

iy = i\/ﬁ @441
F 2,/% bead' —

with the constraint equations (9 - 11) in terms of
¢? ¢.’L‘7 ¢$$’ ¢IZ‘I) a(t)? IB(t)’ and ’Y'

We note that, once a Biacklund transformation dis-
covered and a set of “seed” solutions is given, one
will be able to find an infinite number of solutions
by repeated application of the transformation, i.e.,
to generate a hierarchy of solutions with increasing
complexity. In the rest of the paper we will find a
family of some exact analytic solutions to (1).

(14)

La()
2 v

1. Sample Solution
A trial solution

Bz, 1) = F(t) + G(t)elAO=+BO) (15)

where F(t), G(t), A(t), and B(t) are arbitrary real
functions, is substituted into the constraint equa-
tion (9). Firstly, let us look for the trial solution cor-
responding to the positive up(z, 1), i.e., uo(z,t) =
+4/ @q&x. Equating to zero the coefficient of power
of z yields the condition for A(t)

i e[A(t)z+B(t)]\/ﬁTG(t)A(t)dA(t) 0 (16)

= A(t) = A = nonzero constant.

With this condition, we can then recast (10) and (11)
as integrable differential equations

—A3yB@) + 3 Aa(t)* + git) (17)
dInG(t) d ~
+ 27 = 2753(1&)_
and
da) . dat) [B)
A—dt—— 43 r T_o, (18)

respectively. By solving (17) for G(t), we get
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tli 3_3 Aalr)? | dB(r), dB(r)
J [75”)"‘ = gy lr Rt

G(t) = C] € )

(19)

where C| is an arbitrary constant. Finally, we obtain
the constraint equation for a(t), 3(¢), and 7y from (18):

(Cry A+ Fa®)’
,),ZA?.

B = (20)

with an integration constant C,. Thus, we get the trial
solution

Pz, t) = F(t) + @n
(a3 1'2 T kg
I R ] LR

1 €

and find a class of solitary-wave solutions for (1)

B(t) [F(t)
el = AV [G(t)

_ A (o oid)
2 5 27y

e~ (ATtBO) 4 1} (22)

with the constraint equation (20).
The other class of solutions, corresponding to

uo(z,t) = @d)x, is obtained by similar calcu-
lations as
1 [BO[FD) _(awe+By
- 1) = 2 & +1
ut = - 22 |50 e

(23)

, Aw [50) _a)
2 iy 2y’

where physically meaningful terms, A(t) and B(t),
are

a(t)+Cr/y
Ay = LWV 24
) O (24)
'R,(f)
B(t) = 50 + s, (25)
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Fig. 1. (a) 3-dimensional plot of kink-type solitary-wave
solutions for u(z,t) withy = 1,C; = 10,C, =4, A =
0.25, B(t) = t, a(t) = t, and B(t) = 16(t+1)?; (b) The wave
profiles for u.(x,t;) for three different steps: t; = —1,0, 1
(solid, dash, dot-dash), respectively.

R(t) = -2 V/BOGBa@) — 27 V/BBGE?) at)
+ YR2GHC* -2 AG)a(t)
- 27" 2/BOG(EY C1 — 27 GB)a(t) Cy
+ 392G ()C P a(t)? + 4 at)G(H)C A,

S@t) = V/BOGEY (a) +Civ/7),

and the constraint equation is
Bt = C2 (/201 +24%a®)C1 + v 2a®)?). 26)

In the following, to explicitly demonstrate the solit-
ary-wave solutions, we plot (22) and (23) by choosing
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Fig. 2. (a) 3-dimensional plot of anti-kink-type solitary-
wave solutions for u_(z,t) with v = 1,C; = 1,C; =
4, F(t) = t,G = 1,a(t) = t, and B(t) = 4(t + 1); (b)
The wave profiles for u,(x,t;) for three different steps:
t; =0, 1, 3 (solid, dash, dot-dash), respectively.

some proper model coefficients for a(t), 7y, and 3(t)
which satisfy the above constraints. As for a physi-
cally interesting case, we choose a(t) = t for which
the nonlinear coefficient grows as the wave propagates
and study how the wave profile may change. We set
vy=1,C =10,C;, = 4,A = 0.25,B(t) = t, and
B(t) = 16(t + 1)? (required by the constraint (20)) for
uy(z,t);y=1,C,=1,C, =4,F(t)=t,G =1, and
B(t) = 4(t + 1)* (required by the constraint (26)) for
u_(zx,t) with A(t) and B(t) in terms of the chosen pa-
rameters. In Figs. 1a and 1b we show a 3-dimensional
plot of u,(z,t) and the kink-type solitary-wave pro-
file of u,(z, t;) for three different steps: ¢, = —1,0, 1
(solid, dash,dot-dash), respectively. We note that the
amplitude of the solitary wave decreases with increas-
ing . This factis evident from (22) and noting that the
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dispersion coefficient grows ~ 2. On the other hand,
the 3-dimensional plot of u_(z, t) and the anti-kink-
type solitary-wave profiles for three different steps
t; = 0,1, 3 (solid, dash, dot-dash), respectively, are
plotted in Figs. 2a and 2b. Similar to the positive so-
lution, the anti-kink-type wave profile decreases with
increasing t, which originates from the non-trivial de-
pendences of the physically meaningful terms A(t)
and B(t) on t as shown in (24) and (25).

To sum up, with symbolic calculations and the trun-
cated Painlevé expansion analysis, we showed that
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Bicklund transformations exist for the modified KdV
equation with ¢-dependent coefficients. We found two
classes of analytic kink and anti-kink type solitary-
wave solutions which are different from the previ-
ously obtained analytic solutions in [3, 5, 6].
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